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Abstract 

Novel states of classical light that are nonseparable are introduced, 
and experiments are proposed to test the violation of noncontextuality 
by these Bell-like states. Such states have only recently begun to be 
explored. The significance of their nonseparability or entanglement 
as well as their similarities with and differences from entangled quan- 
tum states are analysed. A separate experiment is proposed to verify 
the predicted variation of nonseparability of classical light with the 
Pancharatnam phase. 
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1 Introduction 



Entanglement has been held to be the trait of quantum mechanics that char- 
acterises its entire departure from classical physics pQ. If non-factorizability 
of independent states of a system is taken as the defining characteristic of 
their loss of identity through entanglement, then entanglement of classical 
light and the consequent violation of Bell-like inequalities, without implying 
nonlocality, are inevitable consequences of its Hilbert space structure, as was 
shown way back in 2001 j2]. In fact, birefringent crystals have been known 
since the 17th century to produce states of the form Au®s+Bv®p where u is 
the path with s polarization and v with p polarization, A and B being ampli- 
tudes. Recently, the essential role of non-quantum entanglement in resolving 
a certain basic issue in classical polarization optics has been pointed out [3] , 
and nonseparable cylindrically polarized laser beams have been extensively 
studied and used [U EJ E] • The predicted violation of a Bell-like inequality 
by polarization-path nonseparable/entangled classical states of light has also 
been experimentally verified [H] . 

There is no doubt that there are some crucial differences between entan- 
glement /nonseparability in classical optics and the more familiar entangle- 
ment in quantum mechanics. Hence, in order not to confuse the two, various 
suggestions have been made about the correct nomenclature to be used in the 
case of classical light. Some have suggested the use of 'nonseparability' [7], 
some 'structural inseparability' [K\ and some 'non-quantum entanglement' [3]. 
We would prefer to use 'classical entanglement' to distinguish it from 'quan- 
tum entanglement' but will also use nonseparability equivalently. The reason 
is to emphasize the fact that non-factorizability already occurs in classical 
electrodynamics because of its Hilbert space structure which is not unique to 
quantum mechanics. Hence, classical electrodynamics is more like quantum 
mechanics than is Newtonian mechanics, and a classical-quantum transition 
is likely to be better understood if classical electrodynamics is taken as the 
fiducial classical theory. One can then go directly from relativistic classical 
field theory to relativistic quantum field theory and vice versa, and then take 
appropriate limits to get relativistic single-particle quantum mechanics and 
finally non-relativistic quantum mechanics. The choice of the other path, 
namely from Newtonian mechanics to relativistic quantum field theory, has 
been plagued by many problems like entanglement that refuse to go away. 

A big advantage of classical entanglement is that it is robust whereas 
quantum entanglement is notoriously fragile. This fact also needs to be better 
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understood. From the practical point of view alone, many manipulations that 
are necessary for quantum information processing (but not all) can be done 
far more easily with classical light than with quantum light. 

Another very important aspect of classical entanglement is its bearing on 
the concept of noncontextuality and realism. This has not been discussed at 
all so far. In this paper we wish to go into this question and show that the 
polarization and spatial modes of classically entangled light are contextual 
variables, and have no value defmiteness, which is a real surprise in classical 
physics. 

In Section 2, a simple way to produce all four Bell-like states of polarization- 
path entangled classical light will be described, and the state |$ + ) will be 
shown to violate a Bell-like inequality derived from noncontextuality [9]. Vi- 
olation of the axioms of the Kochen-Specker theorem [101 HH 02] by the state 
|$~) will also be shown. Classically entangled two-mode states analogous to 
two-particle quantum states will be introduced and their implications dis- 
cussed in Section 3. The variation of nonseparability of a Bell-like classical 
state with the Pancharatnam phase will be studied in Section 4, and an ex- 
periment proposed to test this prediction. The important differences between 
classical and quantum entanglement will be discussed in Section 5. 

2 Bell-like States in Classical Optics and Non- 
contextuality 

Classical electrodynamics is the paradigm of classical field theories in physics. 
That classical electrodynamics has a Hilbert space structure was first explic- 
itly shown in 2001 [2]. Without getting involved in the details of that demon- 
stration, let us simply note that two different Hilbert spaces are required for a 
complete description of an ordinary state in classical electrodynamics, namely 
a space H pa th of square integrable functions that describe scalar optics and a 
two-dimensional space of polarization states H po i- These are disjoint Hilbert 
spaces, and hence a complete description of a state is given in terms of tensor 
products of states in these two Hilbert spaces: )— - \A) <g> |A) G H pa th <8> H po i 




where A(r,t) = (r, t\A) are solutions of the scalar wave equation 



V 2 



c 



A(r,t) = 



(1) 
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and | A) is the vector 



of the transverse polarizations Ai and A2. A(r, t) is a Laguerre-Gauss polyno- 
mial for laser beam 

as the Jones vector 



mial for laser beams. One can also write — ^==|A) ® |A) more conventionally 



\J) 



/ E x 
E„ 



where E x = A o e x exp(i0 x ) and E y = A e y exp(i(p y ) are the complex transverse 
electric fields, e x and e y are unit polarization vectors, and (J\J) = \E X \ 2 + 
\E y \ 2 = Aq is the intensity Jo- Given this mathematical structure of a tensor 
product Hilbert space, polarization-path entanglement is inevitable, and one 
can construct the complete set of Bell-like states. 

Let us consider a normalized state \ip)i n = (A/ y/7^)\a in ) <g> \ V) of an in- 
coming vertically polarized monochromatic classical light beam of intensity 
Iq = \A\ 2 . An example would be a laser beam that does not show any quan- 
tum effect like squeezing or sub-Poissonian statistics, and of coherence length 
longer than the paths through the interferometer. When such a light beam 
is incident on a 50-50 lossless non-polarizing beam splitter NPBSi (Fig. 1), 
the transmitted beam \a) and the reflected beam \b) span a two-dimensional 
Hilbert space H path = Another two-dimensional Hilbert space 

H P oi = {\V),\H)} is associated with the polarization states of the two ougo- 
ing light beams. Hence the full Hilbert space is H = H pa th®H po i. The action 
of NPBS\ on the incident beam can be described by the unitary matrix 

where F o/ is the unit operator on H po i, resulting in the state 

v A1 o 

When this is followed by a quarter-wave phase-shifter plate in path b with 
its fast axis vertical, represented by the Jones matrix 

Jqwp = ( I ° ■ ) (4) 
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which acts on H po i, the unitary matrix U that acts on the state is 



U = \a)(a\ ®F oZ + |&X&| ®J QWP , (5) 
resulting in the output state 

\V outl ) = __[| a )<8) \V)+i\b)® Jqwp\V)] 

V "0 

J [|a) ® |V) + |6) ® |V>] . (6) 



/27o 



The action of the polarization flipper PF\, on this state can be represented 
by the unitary matrix 

U fUp = \a)(a\®W° l + \b){b\® J fhp (7) 

where Jfu p is the Jones matrix with J xx = J yy = 0, J xy = J yx = 1, so that 
J\V) = \H), and the final state produced is 

|$ + ) = U flip \m outl ) = [|o> ® [TO + l&> ® l^>] • (8) 



This is a polarization-path entangled Bell-like state. One can introduce a tt 
phase shifter in the path b to get the state |$~). Similarly, one can get the 
other two Bell states |^/ + ) and \^~) from a beam |v4) eg) 

Our next aim is to test whether these states are consistent with noncon- 
textuality which is a straightforward generalization of an apparently innocu- 
ous realism about measurement, namely the conventional classical notion 
that a physical reality must be independent of how it is measured. Put more 
technically, noncontextuality is the requirement that the result of a measure- 
ment is predetermined and not affected by how the value is measured, i.e. not 
affected by previous or simultaneous measurement of any other compatible or 
co-measureable observable. To test that, joint measurements of compatible 
observables that are not necessarily spatially separated are required. This 
can be done for classical light by making a joint measurement of its two in- 
dependent degrees of freedom, namely path and polarization, in one beam 
path. If the light is prepared in a non-factorizable state like |$ + ), one can 
compare the predicted correlations with a Bell-like inequality for such cor- 
relations derived from the requirement of noncontextuality alone p| without 
any reference to Einstein locality. This is what we proceed to do now. 
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Figure 1: Schematic diagram of the experiment: A vertically polarized beam of classical 
light passes through a Mach-Zehnder interferometer. PFb in path & is a polarization flipper 
that converts V to H. PSb is a phase shifter and PRb is a polarization rotator in path b. 



Let M a and be two lossless mirrors (Fig. 1) and NPBS2 a second 
50-50 lossless nonpolarizing beam splitter which is followed by a single light 
detector in the path a out . Also, let a phase shifter PSb and a polarization 
rotator PR b be inserted in path b as shown in Fig. 1. The polarization rotator 
matrix is R(9) = exp(i6)jQWP, i.e. a variable phase-shifter combined with a 
quarter-wave plate with its fast axis vertical or horizontal. Then, the state 
before NPBS 2 is 

>A [|a><8> \V) + e l<t> \b) ® e ie \H)}. (9) 



The final state after NPBS2 is 



i A 

|$ + >' = i\ bout )®(\V)+te^\H)) 



2Vh 

+ \a out ) ® (t\V) + e l ^\H))]. (10) 



Now, consider the projection operators 



a e = JP ath (g) (2|pol)(pol| — I po ') , (11) 
^ = (2 1 path) (path I -r ath ) ®F°', (12) 



6 



with 



|path) = -L[|a> + e *|6>], (13) 
|pol) = J-[\V) + e»\H)]. (14) 



V2 l 



Their eigenvalues are ±1. Hence, 



E(9,x) = 

= ($ + | [(+H +1 + (-H-i].[(+W+i + (-K-i]|* + ) 

= cos(fl + 0) (15) 

where 

a e , ±1 = (\V)±e i6 \H))((V\±e- ie (H\) (16) 
a^ ±l = (|a)±e i *|6))((o|±e-^(6|). (17) 

E(9, fa is thus the result of compatible joint measurements of the states |pol) 
and | path). 
Now define 

S = E(9 U fa) + E(9 h fa) - £(0 2 , fa) + E(6 2 , fa). (18) 

By requiring that the polarizations and paths have predetermined values in 
a classical state that do not depend on whether or not one of them is being 
measured or both, simultaneously or at different times, a Bell-like inequality 
can be expressed as —2 < S < 2 [9]. This is obviously violated by the state 
|$+) for the set X = 0, 6 2 = tt/2, fa = vr/4, fa = -it/ 4 for which S = 2^2. 

Since the path and polarization changes are made on the same state in 
path b, there is no question of any nonlocality in this experiment. The 
predicted violation therefore shows that the path and polarization of even 
classical light in Bell-like states must be contextual. This is analogous to the 
case of path-spin polarization in neutron optics |15j . 

One can also show that these classical Bell-like nonseparable states violate 
the axioms of noncontextual hidden variable theories on which the Kochen- 
Specker theorem is based [101 El 02] • Consider the state 

|$-) = - A, [| G > ® \ V ) - \b) 9 \H)} (19) 
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and six hermitian operators or 'observables' J p x °\ J|, Jp°\ Jp, Jp° 1 Jp, Jp° 1 J* 
acting on it, where J pol s are Jones matrices acting on H po i and J p s are anal- 
ogous matrices acting on H pa th- Hence, J pol s and J p s commute. These ma- 
trices are taken to have the same form as the Pauli matrices <7j with the 
property a x a y = ia z . Hence, the six operators have eigenvalues ±1. Since 

JP x \a) = \b), Jl\b) = \a) ) (20) 
JP y \a) = i\b), JP y \b) = -z\a), (21) 
J**\V) = \H), JP x ° l \H) = \V), (22) 
J**\V) = -i\H), J%° l \H)=i\V), (23) 

it follows that 

(24) 
(25) 
(26) 
(27) 
(28) 

Since each of the six observables occurs exactly twice on the left-hand sides, 
the product of the left-hand sides is +1 on the assumption that each observ- 
able has a predetermined value ±1, whereas the product of the right-hand 
sides is —1. This is a clear logical contradiction. The Kochen-Specker the- 
orem is based on two assumptions, namely (i) value definiteness, i.e. all 
observables of a system have predetermined values, and (ii) noncontextuality 
which requires these values to be independent of the way in which they are 
measured. Hence, these assumptions cannot hold for nonseparable classical 
states like |$~). An experiment can be designed to test this prediction along 
the lines of the neutron experiment of Hasegawa et al [13] . 



J P X M . Jl\<S>~) = -|$~ 

JP° l . JP\$-) = -|$- 

JP x ol JP y .JP x ol .JP y \^-} = +|$- 

jfJZ.jf.JlVb-) = 

jp° l j p jp° l jm-) = 



3 Nonseparable Two-mode Classical States 

Consider a laser beam in the double mode \H) a £g> \H) b where each ket repre- 
sents a first-order Hermite-Gaussian transverse mode i/jH(r) a ^ b eji with hor- 
izontal orientation in a path (a or b), e# being the horizontal (H) linear 
polarization unit vector. Similarly, let \V) C <8> \V) d be a second laser double 
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Figure 2: Combining two double- mode beams, one in the VV and the other in the HH 
mode. 



mode with vertical orientation in paths c and d. They are product states. 
Particular cases for ■0/r(r) and ipvif) would be the modes TEM i(j / ) and 
TEM 01 ( X ) respectively. It is possible to combine these beams and produce 
nonseparable linear combinations as shown in Figure 2. Let us assume that 
the four modes have a common intensity I = \A\ 2 . Consider one such state 

|$ + ) = -= [\H) a <g> \H) b + \V) a ® \V) b ] . (29) 

\/2In 



It is an analog of the two-particle Bell state |<3> + ) in quantum mechanics. 
Clearly, all four Bell-like states can be produced in this way. To see what it 
implies for the theory, let us assume that the modes travel in paths a and b in 



opposite directions along the z axis, and let us write the state (29) cryptically 
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in the form 

\<5>+) = ^= [x a x b + y a y b ] . (30) 
v2 

Let a polarization analyzer be placed in each path such that their polarization 
axes make arbitrary angles a and /3 with the x axis, and let a — (3 — 6. Let 
us define the projection operator for linear polarization by 

Pe = {x cos 6 + ysind)(xcosd + ysind)\ (31) 

and from it construct the projector 

o e = 2P e - I = (xx ] - yy ] ) cos 26 + (xy ] + yx ] ) sin 26 (32) 



whose eigenvalues are ±1. Then the polarization correlation in the state (29) 
is given by 

(cr <S> erg) = cos 26. (33) 

Therefore, if Alice has the choice of angles a and 7 on one side and Bob the 
choice f3 and 7 on the other side , Bell's inequality, based on local realism, 
takes the form 

I cos 2{a - 0) - cos 2(a - 7) | + cos 2(/3 - 7) < 1 (34) 



which is violated by the correlation (33) for relative angles of ir/G between 



the analyzers, exactly as in quantum mechanics. 

Does that mean that such states violate locality? The answer is decidedly 
no, because there is no collapse of the state on local measurements of polar- 
ization, as in standard quantum mechanics, and hence no nonlocal effect. All 
that happens in a classical measurement is that one of the polarization states 
is projected (i.e. selected) and recorded while the other is simply blocked- 
it does not disappear as in projective quantum measurement. Violation of 
the inequality therefore only shows that, like their counterparts in quantum 
mechanics, these states are more correlated than states based on classical 
mechanical notions of local realism. 

Multimode lasers can be used in principle to produce multimode nonsep- 
arable states of classical light. 
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Figure 3: The closed circuit on the Poincare sphere 



4 Influence of the Pancharatnam Phase on a 
Classical Bell-like State 

When the polarization of a light beam is rotated in a cyclic path, the po- 
larization vector comes back with an overall phase that is the sum of the 
dynamical phase and the Pancharatnam phase [16] which is half the solid 
angle subtended by the circuit at the centre of the Poincare sphere. To iso- 
late the Pancharatnam phase, the effect of the dynamical phase has to be 
isolated, and this can be done in the following manner. Let a half-wave plate 
(HWP) be inserted between two co-aligned quarter-wave plates (QWPs) to 
form a combination QHQ. Let such a device be inserted into one arm of an 
interferometer. It can be shown [17] that if plane polarized light of phase a 
is incident on the first QWP at 45° to its axes, its phase shifts to a + n — 27 
where 7r is the dynamical phase shift due to the optical path lengths and 7 
is the angle between the axes of the HWP and the QHQ. As the HWP 
is rotated, 7 changes, and this change is detectable through fringe shifts of 
—27. This is a pure geometrical phase shift brought about by polarization 
changes, and is hence the Pancharatnam phase. The closed circuit on the 
Poincare sphere is shown in Figure 3. Let us now consider the experimental 
arrangement shown in Figure 4 which is a modification of Fig. 1. Let the 
first beam splitter NPBSi be replaced by a variable asymmetric nonpolariz- 
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VNPES 



Figure 4: Fig. 1 modified by replacing NPBSi by a variable VNPBSi and adding 
optical elements QHQ and HWP a in path a and a FWPb and HWPb in path 6. 

ing beam splitter VNPBSi with the reflection and transmission coefficients 
r = sin#! and t = cos#i, and let a QHQ and a half-wave plate HWP a be 
inserted in path a and a full-wave plate FWP b and a half-wave plate HWP b 
be inserted in path b. Fixing the initial arrangement so that 9\ — 7r/4, the 
state after QHQ in path a and FWPb in path 6 s 

|$ P ) = — =[e- 2 *»|\/> + \b)\H)}. (35) 



'2 V 

Then, after passage through the other optical elements but before the second 
beam splitter NPBS 2 and for variable 9i, the state is given by 



|$) = —= [e- i2j cos 9 1 1 a) <g> (sin 9 2 \H) - cos0 2 \V)) 

+ e i ' t> sm6 l \b)®(cos6 2 \H) + e ie sm6 2 \V))] (36) 
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where HWP a and HWPf, have their fast axes at 02/2 to the vertical. After 
passing NPBS2, the final state is 

Ae in 

|$) = — =-[[a> <g> {cos Min 2 + ^sin 0i cos 2 ) \H) 



+ ( 



'0 

i(0+<£) 



sin 62 sin 0i — e 2n cos 0i cos 02 } | V") 



+ 1 6) ® { («e" 2i7 cos 0! sin 2 + sin 6 l cos 2 ) |#)) 
+ {e t{e+(t>) sin 2 sin Q x - ie~ 2i "< cos X cos 2 ) \V) }] . 
Therefore, using the projection operators (11) and (12) with 

(path) = cos 0i I a) + sin 0i 1 6), 
|pol) = cos 2 1 + e i9 sin0 2 |F), 

we get 



(37) 

(38) 
(39) 



E (0i, 2 , 0, 0, 7) = (<70.0>) = cos20 1 cos20 2 + cos(0 + 0-27)sin20isin20 2 . 

(40) 

One can then define the function 

S = E(6i, 2 , 0,0, 7) -£(0i,02, 0,0', 7) + 2 ,0', 0,7) 

+ E{6' x ,e' 2 ,6' J n ) (41) 

which must satisfy the Bell-like inequality —2 < S < 2. Putting 02 = and 
= we have, 

S = cos (20i) - cos 20; + cos (20i) cos (20 2 ) + cos (0' + - 2 7 ) sin (20i) sin (20 2 ) 
+ cos 20; cos (20 2 ) + cos(0' + 0' - 2 7 ) sin (20' x ) sin (20 2 ) . (42) 



Setting the polar bell-angles at 9[ 



3tt 



,0i 



- ft' - - 
8' 2 " 4 



, one gets 



S = V2 + -= [cos (0' + 0' - 2 7 ) + cos (0' + - 2 7 )] . 
v2 



(43) 



With 0' = and 0' + = 27, S* = 2a/2, i.e. there is maximal violation of 
the Bell-like inequality. 

Let us next look at the reverse problem, i.e. calculate the extremum 
values of S as a function of the Pancharatnam phase 7 for fixed azimuthal 
angles {&' = = 0' = = 0}. Then, 

S = cos 20i - cos 20; + cos 20 2 (cos 20i + cos 26[) 

+ cos 27 sin 20 2 (sin 20 x + sin 26[ ) . (44) 
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1 



4 2 4 

Pancharatnam Phase (y) 
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Figure 7: The extrema of the S function as a function of the Pancharatnam phase for 
fixed azimuthal angles {0' = 6 = (/)' = <j> = 0} 



By requiring the partial derivatives of S w.r.t 1; 9[, 9' 2 , to vanish, 
dS 



dS_ 

w[ 

dS_ 

Wo 



one gets 



-2 sin 26 1 - 2 sin 26 x cos 29' 2 + 2 cos 27 sin 26' 2 cos 2B X = 0, (45) 
-2 sin 26[ cos 26' 2 + 2 sin 26[ + 2 cos 20i cos 27 sin 2^ = 0, (46) 



= -2sin202(cos20i + cos20i) 

+ 2 cos 27 cos 20^(sin 2Q X + sin 26[) = 0, 



0i 
0f, 



2 

7T 

2 

7T 



arctan (cos (27)) 



(47) 

(48) 
(49) 
(50) 



as the angles for which S 1 is extremal. The results are shown in Figures 5-7. 
The function 5* exceeds the Bell limit +2 for all values of 7 except at the 
points where it has its minima (Fig. 7). 
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5 Implications and Significance 



Although there is no doubt that quantum entanglement has a much richer 
structure than classical entanglement, it is clear from the foregoing discus- 
sions that that there is more to classical electrodynamics than meets the 
eye. Classical electrodynamics and quantum mechanics both have a Hilbert 
space structure j2] , which gives rise to many novel features of classical optics 
that have only recently begun to be explored. It is important to emphasize 
that there are many examples of the occurrence of Hilbert spaces in classi- 
cal physics. Euclidean space, for example, is a Hilbert space, the space C n 
of n-tuples of complex numbers z = (zi, Z2, z n ) and z' = (z[, z' 2 , z' n ) 
is a Hilbert space under the inner product defined by (z, z') = Ysk=i z ^'k- 
The square integrable functions on L 2 also form a Hilbert space. For any / 
and g in L 2 one defines the inner product (/, g) = f n f(x)g(x)dx. Hence, 
(/) /) < 00 ■ There is nothing 'quantum' about these spaces. 

The superposition principle resulting in interference phenomena in clas- 
sical optics is a straightforward consequence of its Hilbert space structure. 
There is a mathematical theorem which states that every pair of vector spaces 
has a tensor product [IS] . The tensor product space is also a linear vector 
space. States of classical light are tensor products of two linear vector spaces, 
the Hilbert space of space-time functions (scalar optics) and the Hilbert space 
of polarization optics. Hence, the existence of tensor product spaces resulting 
in polarization-path entanglement is just as inevitable in classical optics as in 
quantum mechanics. It should be clear from this that classical optics (electro- 
dynamics) is a lot more like quantum mechanics than is classical mechanics 
in which states are points in phase space. 

Where, then, are the crucial differences between quantum mechanics and 
classical optics? The main difference lies in the fact that physical states in 
quantum mechanics are of unit norm and therefore lie on a unit sphere in 
Hilbert space. This is necessary for the probabilistic interpretation. More- 
over, all states that differ only by an overall phase factor are identified, and 
hence quantum nechanics actually operates on coset spaces. This is not true 
of states in classical electrodynamics, resulting in a significant difference be- 
tween a superposition of states in quantum mechanics and that in classical 
optics. In quantum mechanics a physical state in general does not possess 
physical properties before measurement. For example, a single-photon state 
like \X) = Ci\V) + c 2 \H) with |ci| 2 + |c 2 | 2 = 1 cannot be said to possess 
any polarization V or H. On measurement, however, the state is projected 
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to either \V) with probability |ci| 2 or \H) with probability |c 2 | 2 . This is 
not the case in classical optics which is deterministic and in which a state 
\X) — ci\V) + c 2 |if) of light with classical amplitudes c\ and c 2 always pos- 
sesses a definite polarization given by the vector sum of C\\V) and c 2 \H). |ci| 
and |c 2 | are here measures of the membership weights of \X) in \ V) and \H). 
This innocuous scientific realism of the polarization states in classical optics, 
however, holds only for product states like (ci|x) + c 2 |y)) <g> \w) but not for 
a superposition of product states like c\\H) ® \x) + c 2 |y) ® |y) in which the 
polarization and path degrees of freedom are entangled. Such states cannot 
be said to possess either a definite path or a definite polarization. Hence, 
these states are of fundamental significance in classical optics, though they 
have not been considered possible until recently. They encode correlations 
between polarization states and path states similar to path-spin entangled 
states in quantum mechanics. They will therefore violate a Bell-like inequal- 
ity derived from the requirement of noncontextuality, as shown in Section 2 
for |$ + ). Hence, polarization and path are contextual degrees of freedom for 
such classical light. They do not, of course, imply any nonlocality. 

Another fundamental difference between classical and quantum states is 
that independent quantum states \A) and \B) are decribed by tensor prod- 
ucts \A)® \B), but in free space electrodynamics independent light beams are 
decribed by the sum \A) © \B). Hence, classical states analogous to multipar- 
ticle entangled states cannot be produced in free space. They can, however, 
be produced in laser sources, as we have seen for the case of two-mode beams, 
and consequently, multi-beam classical entanglement is possible in principle. 
Again, the difference with quantum entanglement is that the classical states 
do not violate locality. This raises an important issue of interpretation of 
empirical data — can the violation of Bell inequalities by quantum states be 
any longer interpreted as incontrovertible evidence of nonlocality? Local 
realism is, after all, a special case of noncontextuality where noncommut- 
ing observables are measured at space-like intervals to make them mutually 
compatible. 

In spite of the differences, the similarity between quantum mechanics and 
classical electrodynamics is unexpectedly striking. On the supposition that 
quantum theory is a more fundamental theory than classical field theory, it 
is clear that entanglement survives in the classical limit of the theory. The 
quantum-classical transition is therefore much clearer if field theory is taken 
as the paradigm of classical physics rather than classical mechanics. Clas- 
sical mechanical notions of realism, noncontextuality and separability are as 
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impossible to reconcile with quantum mechanics as with classical field theory. 
To hold on to realism in some form in classical physics as a whole, one has 
therefore to search for a deeper and more subtle meaning of reality than is 
captured in noncontextuality. 

Note added: After this paper was uploaded to the arXiv (quant-ph/1209. 
4036v2, 19 Sep 2012) Eugenio Roldan pointed out to us the following papers 
by R. J. C. Spreeuw, namely, Found. Phys. 28 (1998) 361 and Phys. Rev. 
A 63 (2001) 062302, which are based on the same basic idea as our paper. 
However, Spreeuw does not go into the deeper implications of nonseparability 
or entanglement in classical optics such as noncontextuality and its tests, 
which are the main concern in this paper. 
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